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Abstract

In this paper we bring together, compare and extend two recent developments in a special formulation of an
anisotropic multiphase-"eld model; namely the results of sharp interface asymptotic analysis by Nestler and Wheeler
[B. Nestler, A.A. Wheeler, Phys. Rev. E 57 (3) (1998) 2602.] and numerical simulations of moving phase boundaries and
multijunctions by Garcke et al. [H. Garcke, B. Nestler, B. Stoth, Physica D 115 (1998) 87; SIAM J. Appl. Math., in press].
First, we present the formulation of the multiphase-"eld model, which includes surface energy anisotropy. Then we state,
how the leading order conditions at both interfaces and junctions can succinctly be derived in the sharp interface limit by
introducing a generalized Cahn}Ho!man n-vector formalism and by using the motion of a stress tensor. These analytical
results contain that the force balance at multijunctions is recovered, which comprises Young's law and, in the anisotropic
case, additional shear forces. Next, we present numerical simulations of evolving phase boundaries and junctions,
concentrating on the case of isotropic phases. We "nd that our numerical solutions of the multiphase-"eld model
compare favorably with the exact solutions of the sharp interface analytical results. We observe that the classical angle
conditions at trijunctions are obtained numerically. Finally, we perform simulations of grain growth evolution and
numerically verify the validity of the qualitative features of the von Neumann law. ( 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

The focus of this paper is the comparison of
sharp interface asymptotic results with numerical
simulations using a recent formulation of a multi-
phase-"eld model. In Section 2, we brie#y de"ne the

multiphase-"eld model and show how the aniso-
tropy of the surface energies between the di!erent
phases is included into this model. We summarize
the main features of our work [1], in which the
correct form of the Gibbs}Thomson}Herring equa-
tion at interfaces as well as the anisotropic force
balance at multijunctions are recovered in the
sharp interface limit using a generalized Cahn}
Ho!man n-vector formalism. In related work [2],
we used formal asymptotic analysis to determine
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the asymptotic singular limit of a multiphase Al-
len}Cahn system. In Section 3, we present numer-
ical simulations which were performed with the
multiphase-"eld model described in the previous
section. The numerical results of the interfaces and
junctions compare very well with our analysis.
A more precise discussion of the numerical calcu-
lations is described in Ref. [3].

2. The model and results of the sharp interface limit

We consider a system of N bulk phases which
are, in the model, represented by N phase-"eld
variables /a, a"1, 2, N. The dimensionless an-
isotropic free energy functional associated with this
system is given by
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where L is the Lagrangian density, eab is propor-
tional to the barrier heights of the intercorrelation
bulk potentials gab(/). The terms ha(/, ¹) represent
the free energy density of bulk phases and deter-
mine deviation from thermodynamical equilibrium.
Anisotropy of the surface energies is realized by
assuming the parameters cab to depend on
rab"/a+/b!/b+/a. The governing equations for
the phase "elds describe the rate of each phase
change in the system. Ensuring that the total free
energy F decreases monotonically in time, these
evolution equations can be derived from the gradi-
ent #ow of F
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for k"1, 2, N,

where M represents a mobility that may generally
be anisotropic and depend on orientation,
M"M(e/). Using the explicit expression of F
in Eq. (1) and the notion of generalized Cahn}

Ho!man n-vectors
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a straightforward calculation leads to the following
rewritten form:
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The Lagrange multiplier j accounts for the constraint
that all components /a sum up to one. Furthermore,
the introduction of n-vectors provides an elegant and
concise derivation of a sharp interface model in the
asymptotic limit of eabP0. In this limit, the dimen-
sionless form of the Gibbs}Thomson}Herring
equation is obtained at all interfaces, see Refs. [1,2].
To investigate the leading order force balance at
multijunctions, where m ()N) bulk phases meet,
we formulate a divergence-free stress tensor N
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Applying this de"nition to the multiphase-"eld
model above, using the divergence theorem, taking
the sharp interface limit and evaluating the Lagran-
gian density to leading order, the force balance at
a multijunction follows to be
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where Fk is the total force acting tangentially on
the k/k#1 interface. The vector l is a unit vector
that lies parallel to the multijunction. If we rewrite
the last expression in spherical polar coordinates,
the equation can be identi"ed as Young's law plus
additional shear forces due to surface energy
anisotropy.

3. Numerical simulations

To solve the phase-"eld equations, Eq. (2),
we have employed a "nite di!erence discretization
on a uniform rectangular mesh, an explicit algo-
rithm for the time update and Neumann boundary
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Fig. 1. Results of numerical calculations with surface energy ratios of R"c
23

/c
12
"1.532, 1.286, 1.000, 0.684 and 0.347. These ratios

correspond to triplejunction angles: (h
1
, h

2
, h

3
)"(803, 1403, 1403), (1003, 1303, 1303), (1203, 1203, 1203), (1403, 1103, 1103) and (1603, 1003,

1003). The snapshots b}f show the triplejunction region in a high magni"cation.

conditions. For more details about the numerical
setup see Ref. [3]. In a series of simulations we have
tested di!erent choices of bulk free energies gab(/)
in order to "nd the best calibration between numer-
ical and physical parameters. Since, in these experi-
ments, a higher order variant of the double obstacle
potential, which we call g(/), has proved to have
the best properties, we choose the potential
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for our simulations. The parameter dabk is chosen in
such a way that the minimal curves, connecting two
minima in the Gibbs simplex, lie along the edges of
the Gibbs simplex. This ensures that no contribu-
tion of the third phase appears at a two phase
boundary and during a phase transition of two
phases. To treat the double obstacle potential nu-
merically, we "rst solve the smooth part of the
di!erential equation and then project back onto the
Gibbs simplex. In the simulation results, a special
grey shade is associated to each of the phases in the

system. In Fig. 1a}Fig. 1f, we study the behavior
and motion of trijunctions of three isotropic phases
labeled 1, 2 and 3 (see Fig. 1b). As initial con"gura-
tion, we always used a T-shape and set two of the
three surface energies equal, c

12
"c

13
and the

other one di!erent c
23
Oc

12
. We display a series of

trijunction calculations in which the ratio between
two of the surface energies, R"c

23
/c

12
is varied

(Fig. 1b}Fig. 1f). We observe that the trijunction
adjusts very rapidly with an angle condition that
agrees, in all the cases described in Fig. 1, very well
with the predictions from Young's law, Eq. (3). Sub-
sequently, the curvature of the interface changes
approaching a constantly transported pro"le and
the motion is only driven by curvature (Fig. 1a).

Finally, we consider the process of grain ripening
and grain growth in a system of four phases and of
many grains. In Fig. 2a}Fig. 2c, we show the time
evolution of three simulations with the same initial
grain con"guration, but with di!erent choices of
surface energies. In the system where all the surface
energies are equal, all trijunctions have a 1203 angle
condition. In this case, characteristic features of the
von Neumann law can be observed. In application
to grain growth, the von Neumann law says that
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Fig. 2. Simulations of grain ripening with di!erent sets of surface energies. For the three experiments, the snapshots are taken at the
same time steps: t"0.00225, 0.00675, 0.01125, 0.02250, 0.03375 and 0.06750.

grains with less than six neighbors shrink, grains
with more than six neighbors grow and six-sided
grains keep their area in time. From the choice of
parameters, it can be seen that the values of the
surface energies for the second and the third experi-
ment (Fig. 2b and Fig. 2c) remain the same except
that the ordering has changed. Furthermore, one of

the possible four trijunctions in the system is forced
to have a 1203 angle condition, namely the 123-
junction and the 124-junction in the second and the
third simulation, respectively. We "nd that the
phase that does not take part in the 1203 trijunction
disappears a long time before any other phase in
the system.
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