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Three-dimensional phase field microelasticity theory and modeling
of multiple cracks and voids

Y. M. Jin, Y. U. Wang, and A. G. Khachaturyan®
Department of Ceramic and Materials Engineering, Rutgers University, 607 Taylor Road,
Piscataway, New Jersey 08854-8065

(Received 26 July 2001; accepted for publication 31 August 001

It is proved that the stress-free strain distribution minimizing the strain energy of the homogeneous
modulus body fully determines the elasticity of the discontinuous body. This result is used as a basis
for the proposed three-dimensional phase field microelasticity theory and model of a discontinuous
body with cracks and voids in elastically anisotropic crystal under applied stress. The elastic
equilibrium and spontaneous evolution of these defects are described by the Ginzburg—Landau
kinetic equation. Examples of computations of elastic equilibrium and evolutions of systems with
cracks and/or voids are considered. 2001 American Institute of Physics.
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The analytical treatment of a system with a group ofwhere the integraf in the infinite reciprocal space is evalu-
cracks and/or voids under applied stress poses serious matited as a principal value excluding a volumem)3/V
ematical difficulties. There are very few problems that arearound the poink=0, n=k/k, €};;(n) is the Green function
really solved > These solutions are obtained only for simple tensor inverse to the tensoy;; Yny= Cikjinkny, Cjjy is the
geometrical configurations and simple loading conditionselastic modulus?r?j(k)=Cijk|e‘k’|(k), the superscript indi-
(review of recent results in the mechanics of cracks can begates the complex conjuga?éﬁ(k)zf\,ei‘}(r)e*'k'rde‘r, and
for example, found in Refs. 4946The pure analytical ap- ?i"J-:levei‘](r)d?'r.
proach to a characterization of a discontinuous body is  Taking the first variational derivative d&® with respect
hardly possible because of mathematical complexity of theo ei‘}(r) results in a relation
problem: the real material is usually elastically anisotropic |

) ' ; SE®
and is often a polycrystal, the cracks and/or voids elastically _“— _ _ o (1) )
interact with each other and with dislocations and precipi- 56?;(0 !
tates and usually form a complex evolving thre_e-dlme_nsmna\INhereaij(r) is given by Eq.(L). Below we considet® (r),
(3D) pattern. It is obvious that the only feasible option to_ , . . L . )

. : . which does not vanish only within arbitrary-shaped pre-
address this complex multi-body problem is a use of compu- . s . o
) selected regiongdomaing in the continuous body. 1€ (r)
tational methods. — 00 00/ i v e’
. . =¢€;: (1) whereg;;"(r) is the minimizer of the energi®, the
The success of recent 3D computer simulations of the .Y 1 ol ;
. inimum condition forE® is
stress-accommodating development of complex mesoscaﬂg
structures in phase transformations and dislocation plasticity ~— SE®
in single and polycrystafs'®indicates that a development of 30N =0. ()
a similar phase field microelasticityPFM) theory for a W e (0=
mhul';l-crack and/ohr multi-void sylsterl?, Wh'Ch”'S |mporta?tlf0r Since we consider here a situation where the stress-free
the ractu_re n:ec alnlcs, may adsp ﬁ. elqua ydsuccess u Th rain ei‘}(r) assumes nonzero values only within the do-
computational results presented in this letter demonstrate t ﬂ’iains, the condition3) is valid only for pointsr =r 4 located

such an advance is possible. within the domains. Comparing E€3) with Eq. (2) proves

Il'n dth's Stu%'), the %roblzm OL cracks e}nd vmd; und‘?rthat when the strain energy of the continuous body reaches
applied stressgrii™ Is reduced to the equivalent problem of ;5 minimum value ate} (r)=€}°(r), the stress within the

the continuous elastically homogeneous body with MAaCTOy,mains vanishes, i.eqri;(rg) =0. The latter together with

scopically .ho_mogeneo.us but mesoscopically hetemfhe equation for the stre$$) gives the equilibrium equation
geneous misfit-generating stress-free strafﬁ,(r). The

Khachaturyan—ShatalofkS) theory'! gives the exact solu-
tion for the strain energy functionat®, and the stress dis- ~iik!
tribution, o;(r), of the latter system. The stress is

3
[ Gy oo 8t + P

+ PP, (4

dsk ~0 iker o
aij(r)=Cjjk J;Wnkﬂlm(n)a'mn(k)nne —eg(r)

It should be noticed that, although the stress vanishes inside
the domains atefj(r)=€;°(r), it does not vanish outside
+ g-f}pp" (1) them.

Since the stress-free straif’(rq) in the continuous

aAuthor to whom correspondence should be addressed: electronic mai?0dy does not produce Str_ess inSide_ t_he domajns, the_se
khach@jove.rutgers.edu stress-free domains containing the misfit-generating strain

-
+Ek|
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o A similar PFM equation can also be formulated and used
Ziioet to characterize a multi-crack system that spontaneously
; evolves under applied stress. The effective stress-free strain
| ei‘}(r) in this case has a form of invariant plane stfain
III I} p
X \V4
<> () Eioj(r)z 21 hi(a,rHj(a), (6)
=

where the reciprocal lattice vectdrf «) characterize several
possible cleavage planes€1,2,...p). The crack-opening
vector h(a,r) describes the displacement discontinuities
across crack cleavage plane of the typelrhey can be con-
sidered as nonconserved long-range order parameters. They
can describe the most general case of mixed-mode cracks of
arbitrary configuration. The strain ener@f' of the system
with e?j(r) given by Eq.(6) is given by the KS theor}*

To describe the effect of cohesive forces resisting crack

- opening, we have to supplement the strain energy by the
. “coarse-grained” Landau enerdy

(dyp=-0.2 ®Hp=01

=02 hyp=04 1) p=08 P
(@p ) p @Wp Enm S [ forh(anjdtr. @
FIG. 1. The calculated 3D stress field of a square crack under normal tensile a=1JV
Syatem and crystallogtaphic orentaton; isoscraces of he disturbed sirehe €nergyf“Th(a)] describes the effect of a continuous
field p=(o,,— o22P)/ 2P at different valuestb) —0.8,(c) —0.4,(d) —0.2,  breaking of atomic bonds along the cleavage plane during a
(e) —0.1,(f) 0.1,(g) 0.2, (h) 0.4, and(i) 0.8, respectively. process of the crack Opening_

The gradient energy in the case of cracks describing the
ei"j"(r 4) can be removed from the body without disturbing theeffect of crack surface curvature can be presentétl as
elastic equilibrium in the system or affecting its total strain p
energy. The removal of the domains leawacks/voidsin Eorad_ 2 j ED-- (&)[H(a)XV]h (a,r)
the body, their shapes and locations coinciding with those of & Jy2 T R
the domainga crack is characterized by the laminar domain
(slit) of thickness equal to the interplagar distahdehis re- X[H(@) X V]dhy(a@,r)dr. (8)
duces the crack/void problem to a much simpler and previThe gradient energy vanishes at the flat crack surfaces par-
ously resolvedf problem of an elastically homogeneous con-allel to the cleavage planes, but gives a considerable contri-
tinuous body with distributed misfit-generating strain. bution near the crack tip.

The foregoing consideration proves the variation prin-  The total energy functiond describing the multi-crack
ciple theoremthe elastic strain and strain energy of a con- system is the sum of the elastic energy, “chemical” Landau
tinuous homogeneous modulus system with distributed mignergy as well as the gradient energy, i.e.,
fitting strain is the elastic strain and strain energy of the ol —ch ad
discontinuous system with cracks and/or voids if the misfit- E=E®+E+ET ©)
ting strain minimizes the strain energy of the homogeneous The PEM equation for the evolving multi-crack system
modulus system . v is described by Eq(5), which is derived for a fixed crack/

‘According to this theoremsej(r)=e€j(r) fully de-  yoig system, if(i) we substituteE given by Eq.(9) for E® in
scr!bes the elastic equilibrium amfi(r) is a variational re- Eq. (5) and (i) expreSSe?j(r) in terms ofh(a,r) using Eq.
laxing parameter. Therefore, we can formulate the PFMg) The resultant PFM equation is similar to that for the
equation forej;(r) in a situation of domains of fixed shapes martensitic transformatiori€12we employed here the PFM
and locationdcorresponding to fixed cracks/voids equation for evolving crack to characterize a mode | crack.

06%(“0 SE® The P_FM crack-openir_lg profile is plofcte_d in Fig(.z_a)Z The

o L”k,m (5) cohesive f_orce results in the cha_ractensnc crac_k tlp “beaks.”

kAT We also simulated the propagation path of an inclined crack
whereL;jy, is the kinetic coefficient, and is “time.” The under applied stress. Figure&cR-2(e) show how the preex-
numerical solution of this equation gives a computationallyisting mixed-mode crackFig. 2(c)] changes its direction to
efficient way of finding the solution for the corresponding propagate along other preferred cleavage pldRéss. 2d)
fixed multi-crack/multi-void system. Numerical solutions of and Ze)] tending to become a mode | crack. In isotropic
Eq. (5) coincide with those very few solutions obtained ana-homogeneous amorphous material without cleavage plane
lytically (e.g., a two-dimensional crack and a cylindrical preference, an advancing crack will pick up a path normal to
hole).}? An example of the solution of Eq5) is shown in  the greatest principal tensile strefas illustrated by the
Fig. 1. It gives the stress field of a square crack in the 3Ddashed line in Fig. @)].
elastically ~ anisotropic  body (C,;/C4=2.16 and In summary, we proved a variation principle theorem
C45/C44=1.30 in cubic crystal that reduces the elasticity probiem for a discontinuous elas-
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(a) a fixed cracks and/or voids under applied stress as well as the
o~ PFM kinetic equation to describe the evolution of an arbi-
§ =1f ,//“.\ trary multi-crack system under the stress. The PFM theory is
';‘ 0 J h(x) C— applicable for discontinuous systems with dislocations and
T \ / misfitting coherent inclusions. The computationally effective
E" J g procedure for the numerical solution of the PFM equations is

-2, - 5 3 % developed. The formal similarity of the PFM theory of the
xfc discontinuous systems and the PFM theories of the continu-
(,J}z,yppl ous systems with the coherent phase transformatiamd
: dislocationg® opens a way to a seamless integration of all
® tt ¢+ttt t 1 P Y g

these theories into a single unified PFM theory, which could
_______ be used for the realistic 3D computational modeling of pro-
Optimum path in cessing of single and polycrystal materials.

Preferred cleavage plane

Pre-existing crack of
mixed mode I-II
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